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Abstract
A new class of small amplitude low-ﬁeld magnetoresistance oscillation observed in a unidirectional lateral superlattice (ULSL)
attributable to the geometric resonance of Bragg-reﬂected cyclotron orbits (open orbits) reveals the presence of higher harmonics in the
potential modulation. By contrast, the commensurability oscillation (CO) exhibited by the same ULSL sample appears to be explicable
by a formula taking only the fundamental component into consideration. The apparent inconsistency is ascribed to the difference in the
sensitivity to the higher harmonics of the two types of magnetoresistance oscillations. The amplitude of the new oscillation is discussed in
terms of the probability of the magnetic breakdown and the ratio of the distance traveled by the electrons during one period of the open
orbit to the mean free path.
r 2006 Elsevier B.V. All rights reserved.
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A unidirectional lateral superlattice (ULSL) represents a
prototypical system of a two-dimensional electron gas
(2DEG) with an artiﬁcially introduced modulation; there,
the period and the amplitude of the introduced potential
modulation give rise to intriguing phenomena through
their interplay with the length and energy scales inherent in
2DEGs under a magnetic ﬁeld. Well-known examples are
the commensurability oscillation (CO) [1] and the positive
magnetoresistance (PMR) [2]. Both CO and PMR can
basically be understood in the framework of the semiclassical motion of the electrons under the modulated
potential landscape. Although the study of superlattice was
originally motivated by the possibility of designing manmade band structures (minibands and minigaps) having
length and energy scales quite different from those of
natural crystals [3], phenomena heralding the effect
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resulting from minibands and minigaps was elusive in
lateral superlattices until quite recently [4,5].
In a recent paper [6], the present authors reported a new
class of small amplitude magnetoresistance oscillation
superposed on PMR. The oscillation was ascribed to the
geometric resonance between the period of the ULSL and
the width of an open orbit resulting from the formation of
the minigap. We observed the resonances of open orbits
arising not only from the lowest-order Bragg reﬂection but
also from the second- or third-order reﬂections. This
implies, although not explicitly mentioned in Ref. [6], the
presence of corresponding harmonics in the potential
modulation. In the present paper, we discuss the sensitivity
of the new oscillation to the higher harmonics in
comparison with that of CO. We also discuss the intensity
of the resonance in terms of the probability of magnetic
breakdown and the scattering of electrons out of the open
orbit.
ULSL samples for the present study are described in
detail elsewhere [6]. Brieﬂy, potential modulation was
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introduced by a grating of negative electron-beam resist
placed on the surface via the strain-induced piezoelectric
effect [7] to the 2DEG plane residing just below the
AlGaAs/GaAs heterointerface at the depth d ¼ 90 nm
from the surface.
Fig. 1 illustrates a typical example of the new oscillation.
The low-ﬁeld magnetoresistance trace show PMR at
jBjo0:04 T and CO outside the region. The upward
slope of the PMR shows non-monotonic behavior barely
discernible in the trace itself, but can be made evident
either by subtracting slowly varying background or by
taking the second derivative with respect to the magnetic
ﬁeld. We examined the positions of the minima in
ðd2 =dB2 ÞðDrxx =r0 Þ for several ULSL samples with the
period a ranging from 138 to 207 nm, and for the range of
the electron density ne ¼ 1:723:1  1015 m2 , and concluded that the oscillation results from the geometric
resonance between a and the width of the open orbit [6,8].
Fig. 2 depicts the Fermi contour in the reciprocal space.
The contour consists of multiple Fermi circles for free
electrons each shifted by 2pn=a (n integer) in the kx
direction, with a gap opening up at the crossing of two
circles, resulting in the open and closed orbits. The size of
the gap between the nth nearest circles are determined by
the nth harmonic content of the potential modulation V n .
(Strictly speaking, higher order terms of the fundamental
component, V n1 , can in principle also contribute to the nth
gap for n ¼ 2; 3; . . . [9]. However, the effect is negligibly
small for our small V 1 ). The modulation amplitudes are
much smaller than the Fermi energy E F , Zn  V n =E F 51,
for all the ULSL samples for the present study. The size of
the gap, Dkn , in the ky direction is given by, in the nearly
free-electron approximation appropriate for small Zn
(leaving out the effect of higher order terms mentioned
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Fig. 2. Fermi contour showing open and closed orbits in the reciprocal
space. The index ðj; kÞ speciﬁes an open orbit composed of the segments
from the jth and kth nearest Fermi circles for the free electrons.
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Fig. 3. Open orbits at resonance in the real space.
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Fig. 1. Thick solid curve (left axis): low-ﬁeld magnetoresistance Drxx =r0
for ULSL with a ¼ 184 nm, showing PMR and CO. Dotted curve:
oscillatory part obtained by subtracting slowly varying background. Thin
solid curve (right axis): second derivative, ðd2 =dB2 ÞðDrxx =r0 ). Vertical dotdashed lines indicate the positions of minima in ðd2 =dB2 ÞðDrxx =r0 )
(maxima in the oscillatory part), which agree well with Bres
j1;j;1 ðj ¼ 1; 2; 3Þ
in Eq. (3).

’ kF Zn =2
ð1Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with kF ¼ 2pne the Fermi wave number, and l  akF =p
the number of minibands lying below the Fermi energy.
Electron trajectories in the real space are obtained by
rotating by p=2 and multiplying by the factor _=eB, as
shown in Fig. 3. Electrons in an open orbit denoted by ðj; kÞ
tracks segments of cyclotron orbits, repeatedly diffracted
alternatingly by the crystal momentums 2jp=a and 2kp=a.
Note that the crystal momentum 2jp=a, or the gap between
jth nearest Fermi circles, requires the jth harmonics of the
potential modulation. The width of the orbit ðj; kÞ reads, in
the limit of small Zn (neglecting the gap width)
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  ðj=lÞ2  1  ðk=lÞ2
(2)
bj;k ¼ Rc
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with Rc ¼ _kF =ejBj the cyclotron radius. The condition for
resonance is that the width equals multiples of the period,
bj;k ¼ na. The simplest cases, n ¼ 1, are shown in Fig. 3.
The magnetic ﬁeld at the resonance is therefore given by
jBres
j;k;n j ¼

_kF
ena

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  ðj=lÞ2  1  ðk=lÞ2 .

(3)

The minima in ðd2 =dB2 ÞðDrxx =r0 ) was found to be well
described by Eq. (3) for the ranges of a and ne examined.
As exempliﬁed in Fig. 1, resonance ðn ¼ 1Þ of open orbits
ð0; 1Þ, ð1; 2Þ, and ð2; 3Þ were observed for ULSL with
a ¼ 184 nm, which indicates that the harmonic contents
V 1 , V 2 , and V 3 are present in the potential modulation.
In general, the proﬁle of potential modulation in ULSL
having small period-to-depth ratio a=d (a=do2 in our
present samples) is considered to be simply sinusoidal
V ðxÞ ¼ V 1 cosð2px=aÞ. This is because an effect exerted at
the surface generally decays exponentially along the depth;
the nth harmonics will decay as / expð2pnd=aÞ, thereby
leaving predominantly the fundamental component. In
fact, CO shows excellent agreement with the formula
taking only the fundamental component alone
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with g and mW sample dependent parameters [10,11], as
demonstrated in the main panel of Fig. 4. However, the
observation of the geometric resonance involving higher
harmonics discussed above forces us to reconsider the
proﬁle in our ULSL samples. We immediately ﬁnd the
presence of the second and the third harmonics in CO by
performing a Fourier transform to the oscillatory part
Drxx =r0 (plotted against 1=B), as shown in the inset of
Fig. 4. Although the intensities of the higher harmonics in
the spectrum are quite small, care should be taken in
estimating the magnitude of the potential from the CO
amplitude. For generic periodic potential
modulation
P
including higher harmonics, V ðxÞ ¼ 1
V
cosð2pnx=aÞ,
n¼1 n

the CO is described by
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The nth harmonics are weighted by the thermal damping
factor AðT=T a;n Þ, where T a;n ¼ ð1=2p2 ÞðakF =2nÞ_oc =kB
with AðxÞ  x= sinhðxÞ. It can readily be veriﬁed that the
factor AðT=T a;n Þ becomes much smaller for larger n: the
CO have lower sensitivity to higher harmonics. By an
analogous argument, characteristic temperature T l for the
open-orbit resonance are obtained by multiplying a large
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
factor 2 1ðj=lÞ2 1ðk=lÞ2 =½ 1ðj=lÞ2  1  ðk=lÞ2 
to T a;1 and therefore the thermal damping factor is
insensitive to indices j, k in the magnetic ﬁeld and the
temperature ðTp4:2 KÞ range of the present interest,
rendering the sensitivity to higher harmonics higher
compared with that of CO. Quantitative analyses of CO
taking account of the thermal damping effect reveal that
both V 2 and V 3 have an amplitude roughly 30% of that of
V 1 ¼ 0:25 meV, namely V 2 ’ V 3 ’ 0:08 meV, for our
ULSL with a ¼ 184 nm [11]. Possible reasons for V 2 , V 3
being larger than expected from the exponential decay are
discussed in Ref. [11].
For the open orbits to be observed in a magnetic ﬁeld, it
is necessary for the electrons to survive the magnetic
breakdown. The probability of breakdown for the nth
bd
minigap is given by [12] pbd
n ðBÞ ¼ expðBn =BÞ with
Bbd
n


n2 1=2
pm V 2n l
1
¼
.
l
8e_E F n
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The probabilities for electrons to outlive the breakdown,
bd
qbd
n ðBÞ ¼ 1  pn ðBÞ, are plotted in Fig. 5 as a function of B
for sample parameters of the ULSL shown in Fig. 1. Small
but ﬁnite probability remains for the survival of n ¼ 2 and
3 minigaps, allowing for open orbits involving the
harmonics to be observed.
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Fig. 4. Main panel: oscillatory part of CO obtained by subtracting slowly
varying background from the experimental trace in Fig. 1 (solid trace) and
calculated assuming a sinusoidal modulation V ðxÞ ¼ V 1 cosð2px=aÞ, Eq.
(4) (dotted trace). Inset: Fourier spectrum of the solid trace in the main
panel after replotted against 1=B.

0.0
0.000

0.005

0.010

0.015

0.020

0.025

B (T)

Fig. 5. Probabilities for electrons in open orbits to survive the magnetic
breakdown.
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Finally, we discuss the dependence of the intensity of
the resonance on B. Although it is difﬁcult to quantify the
intensities owing to their smallness, Fig. 1 reveals that the
amplitude ﬁrst increases and then decreases with increasing
B, with b1;2 ¼ a showing the largest amplitude. The
competition of two factors, magnetic breakdown and
scattering, seems to mainly govern the amplitude. Due to
the magnetic breakdown, the amplitude is inclined to
become smaller with increasing B. On the other hand,
scattering will favor larger B. Electrons in an open orbit
follow a periodic motion, as illustrated in Fig. 3. The
distance an electron travels during one period in an open
orbit ðj  1; jÞ is given by
Lj ¼ 2Rj farcsinðj=lÞ  arcsin½ðj  1Þ=lg

(7)

with Rj ¼ _kF =ejBj1;j;1 j. Clearly, Lj decreases, hence the
number of periods experienced by electrons before being
scattered, Ls =Lj with Ls the mean free path, increases with
increasing B, which will make the resonance more
apparent. Considering the breakdown probability at both
edges, the amplitude of resonance of an orbit (j  1,j) will
bd
be roughly proportional to qbd
j1 ðBÞqj ðBÞ expðLj =Ls Þ
res
evaluated at B ¼ Bj1;j;1 , which actually gives a larger
value at j ¼ 2 than at j ¼ 1 and 3, using Ls derived from
single electron scattering time.
To summarize, we have demonstrated that the openorbit resonance is a sensitive probe to the small-amplitude
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higher harmonics in the potential modulation of ULSL
which cannot be detected by more conventional method
employing CO unless careful analyses are performed.
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